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In a nonperturbative formulation, radiative corrections arising from Lorentz and CPT violation
in the fermion sector induce a definite and nonzero Chern-Simons addition to the electromagnetic
action. If instead a perturbative formulation is used, an infinite class of theories characterized by
the value of the Chern-Simons coefficient emerges at the quantum level.
Lorentz and CPT symmetry of Maxwell electrodynam-
ics is destroyed by adding the term Lk = 12kµεµαβγFαβAγ
to the Lagrange density [1–3]. Here, kµ is a prescribed,
constant 4-vector. The term Lk is of the Chern-Simons
form [4]: it changes by a total derivative when the
gauge potential undergoes a gauge transformation Aµ →
Aµ + ∂µΛ. Consequently, the action and equations of
motion are gauge invariant, but the Lagrange density is
not. The modified theory predicts birefringence of light
in vacuo [1,3]. Observation of distant galaxies puts a
stringent bound on kµ: it should effectively vanish [1,5].
A natural question is whether such a term would be
induced through radiative corrections when Lorentz and
CPT symmetries are violated in other sectors of a larger
theory. If so, then the stringent experimental limits on
Lk would severely restrict the viability of models with
Lorentz and CPT breaking [6].
To study explicitly this issue, one may consider ex-
tending the quantum-electrodynamics (QED) action of
a single Fermi field by including a Lorentz- and CPT-
violating axial-vector term [2,3]:
I ⊃
∫
d4x ψ¯(i/∂ − /A−m− /bγ5)ψ . (1)
Here, bµ is a constant, prescribed 4-vector, and our γ5
is Hermitian with tr γ5γ
αγβγγγδ = 4iεαβγδ. The only
other possible nonderivative CPT- and Lorentz-violating
term in the fermion sector is uninteresting here because
its properties under charge conjugation prevent it con-
tributing to the Chern-Simons term [3].
Several calculations have been performed to determine
whether radiative corrections induce the Chern-Simons
term with kµ ∝ bµ. At leading order in bµ and the fine-
structure constant, a perturbative treatment of the term
in Eq. (1) has been shown to generate an ambiguous re-
sult: the coefficient kµ of the induced Chern-Simons term
is regularization dependent and can be freely selected [3].
Other claims include both a definite zero value for kµ [7]
and a definite nonzero value [8].
The purpose of this work is to clarify this situation and
call attention to subtle issues, related to chiral anomalies
[9], underlying the discrepancies between these various
results. First, a direct calculation of kµ is presented that
is nonperturbative in bµ. The various issues are then
disentangled.
The relevant quantity for deciding whether a Chern-
Simons term is induced is the vacuum persistence ampli-
tude, or equivalently from Eq. (1) the fermion determi-
nant det(i/∂− /A−m− /bγ5), computed to second order in
the photon variables. We are thus led to examining the
standard one-loop vacuum-polarization amplitude Πµν ,
but with the usual free-fermion propagator S(l) replaced
by the bµ-exact propagator from Eq. (1):
G(l) =
i
/l −m− /bγ5 . (2)
This may also be presented as
G(l) = S(l) +Gb(l) , (3a)
where
Gb(l) =
1
/l −m− /bγ5 /bγ5S(l) . (3b)
With this decomposition, Πµν splits into three terms:
Πµν = Πµν
0
+Πµνb +Π
µν
bb . (4)
The term Πµν
0
is the usual lowest-order vacuum-
polarization tensor of QED, which we shall not discuss
further. The term Πµνbb is at least quadratic in b; it is
at most logarithmically divergent and suffers no ambigu-
ity in routing the internal momenta [10]. The bµ-linear
contribution to the Chern-Simons term arises from Πµνb ,
which is given explicitly by
Πµνb (p) =
∫
d4l
(2pi)4
tr
{
γµS(l)γνGb(l + p)
+γµGb(l)γ
νS(l + p)
}
. (5)
There are several important features of this expres-
sion. Each of the two integrals is (superficially) linearly
divergent. However, the divergences cancel when the two
terms are taken together and the traces are evaluated. As
a consequence, there is no momentum-routing ambiguity
in the summed integrand: when the integration momen-
tum is shifted by the same amount in both integrands the
value of the integral does not change, even though shift-
ing separately by different amounts in each of the two
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integrands changes the value of the integral by a sur-
face term. It follows that different momentum routings
leave unchanged the value of Πµνb because they produce
a simultaneous shift of integration variable by the same
amount in each of the integrands in Eq. (5). Therefore,
a unique value can be calculated for Πµνb , which we shall
show leads to a finite Chern-Simons term.
We next evaluate Πµνb to lowest order in b, by replacing
Gb(l) with −iS(l)/bγ5S(l). This gives
Πµνb ≃ Πµναbα , (6)
where
Πµνα(p) = −i
∫
d4l
(2pi)4
tr
{
γµS(l)γνS(l+ p)γαγ5S(l+ p)
+γµS(l)γαγ5S(l)γ
νS(l + p)
}
≡ Iµνα(p) + I˜µνα(p) . (7)
A shift of integration variables in the second term re-
duces it to a crossed form of the first plus a contribution
arising from shifting variables in a linearly divergent in-
tegral:
I˜µνα(p) = Iνµα(−p) + ∆µνα(p) , (8)
where
∆µνα(p) = −i
∫
d4l
(2pi)4
tr
{
γµS(l)γαγ5S(l)γ
νS(l + p)
−γνS(l)γµS(l − p)γαγ5S(l − p)
}
. (9)
Since the tensorial form of Iµνα must be εµναβpβ , the
crossed term coincides with the uncrossed term. The
variable shift produces a surface term, and ∆µνα(p) is
evaluated as
∆µνα(p) = − 1
8pi2
εµναβpβ . (10)
Thus, we have
Πµνα(p) = − 1
8pi2
εµναβpβ
−2
∫
d4l
(2pi)4
tr γµ
1
/l −mγ
ν 1
/l+ /p−mγ
αγ5
1
/l + /p−m. (11)
To evaluate the integral, note first that
1
/l + /p−mγ
αγ5
1
/l + /p−m =
1
/l + /p−mγ
a
[ −1
/l + /p−m +
2m
(l + p)2 −m2
]
γ5
=
∂
∂pα
1
/l + /p−mγ5 +
2m
/l + /p−mγ
αγ5
1
(l + p)2 −m2 . (12)
The pα-derivative contributes a term
−2 ∂
∂pα
∫
d4l
(2pi)4
tr
(
γµ
1
/l −mγ
ν 1
/l + /p−mγ5
)
.
However, the above integral must vanish: no two-index pseudotensor exists involving the antisymmetric pseudotensor
and depending only on a single variable p. Therefore, one is left with an entirely finite integral. We find:
Πµνα(p) = − 1
8pi2
εµναβpβ − 4m
∫
d4l
(2pi)4
tr γµ
1
/l −mγ
ν 1
/l + /p−mγ
αγ5
1
(l + p)2 −m2
= − 1
8pi2
εµναβpβ +
im2
pi4
εµναβpβ
∫
d4l
1
l2 −m2
1
((l + p)2 −m2)2
= −εµναβpβ
( 1
8pi2
+
2
pi2
∫
∞
2m
da
m2√
a2 − 4m2
1
p2 − a2 + iε
)
(13)
The final result is:
Πµνα(p) = εµναβ
pβ
2pi2
( θ
sin θ
− 1
4
)
, (14)
where θ ≡ 2 sin−1(
√
p2/2m) and p2 < 4m2.
The bµ-linear contribution to the induced Chern-
Simons term is determined by this expression at p2 = 0.
One finds a definite, nonzero, and finite result [8,11]:
Πµνα(p)|p2=0 =
3
8pi2
εµναβpβ , (15)
and
kµ =
3
16pi2
bµ . (16)
This completes our calculation.
We have chosen to extract the leading-order result in
bµ. However, our calculation is in fact nonperturbative in
bµ in the sense that it has been performed keeping care-
ful track of contributions from the bµ-exact propagator
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in Eq. (3a). Thus, in this calculation, we are choosing to
define the theory of Eq. (1) in a nonperturbative way.
If instead the theory in Eq. (1) is defined through its
perturbation series in bµ, the same θ dependence as in
Eq. (14) emerges but the additional constant and there-
fore the net result for the induced Chern-Simons term is
different [3]. At first order, one finds that the two inte-
grals (7) arise from a triangle VVA graph and its crossed
expression with zero axial-vector momentum. In per-
turbation theory, no correlation is determined a priori
between the momentum routings in the two graphs. If
the relative routings are as in (7), the resulting expres-
sion coincides with (14). Otherwise, a shift of integration
variables produces the configuration (7), but generates an
additional contribution. Taking the shift as proportional
to the external momentum gives rise to an arbitrary mul-
tiple of ∆µνα ∝ εµναβpβ , leaving the Chern-Simons co-
efficient kµ proportional to bµ but with an undetermined
proportionality constant.
Coleman and Glashow have recently argued that kµ
must unambiguously vanish to first order in bµ for any
gauge-invariant CPT-odd interaction [7]. Their result is
based on their hypothesis that one define the axial vector
jµ
5
(x) ≡ ψ¯(x)γµγ5ψ(x) to be gauge invariant in the quan-
tum theory at arbitrary 4-momentum, that is, at every
point in x. However, a weaker condition is true: if jµ
5
(x)
does not couple to any other field, then physical gauge
invariance is maintained provided jµ
5
(x) is gauge invari-
ant at zero 4-momentum. Equivalently, physical gauge
invariance is maintained provided
∫
d4x jµ
5
(x) and there-
fore the action are gauge invariant, without the require-
ment that the Lagrange density also be gauge invariant.
This behavior characterizes the Chern-Simons term, so it
is unsurprising that demanding gauge invariance of the
Lagrange density can prevent generating the noninvari-
ant Chern-Simons term.
The Coleman-Glashow argument is perturbative in bµ
and is taken to first order. Only in the perturbative
framework does the axial vector arise as a distinct en-
tity: it is an insertion whose gauge variance can be dis-
cussed. In contrast, with the nonperturbative definition
of the theory the axial vector has no separate identity, but
when the first-order contribution is extracted from our
complete expression we find a nonzero result. Evidently
the dynamics of the nonperturbative theory selects the
weaker option: gauge invariance only for
∫
d4x bµj
µ
5
(x)
but not for the unintegrated quantity. Gauge invariance
is preserved in the sense that pµΠ
µν
b = 0, and the induced
action is gauge invariant, but the induced Chern-Simons
Lagrange density is not.
The gauge anomaly vanishes for zero momentum in the
axial-vector vertex, regardless of the momentum routing
in the two triangle graphs. However, for nonvanishing
momentum in the axial vertex, only a special routing of
the integration momenta gives a gauge-invariant answer.
This special routing is known explicitly [12], and in the
limit of zero axial-vector momentum it corresponds to
the result of the Coleman-Glashow assumption, giving
uniquely
Πµνα
CG
(p) = −i
∫
d4l
(2pi)4
tr
{
γµS(l)γνS(l + p)γαγ5S(l + p)
+ γµS(l+ 3p)γαγ5S(l + 3p)γ
νS(l + 4p)
}
after an inocuous shift in both integrands. The integra-
tion momentum in the second expression must be de-
creased by 3p to bring this result into conformity with
Eq. (7). Therefore, from (10) it follows that
Πµνα
CG
(p) = Πµνα(p)− 3
8pi2
εµναβpβ . (17)
This result vanishes at p2 = 0, in agreement with the
Coleman-Glashow claim. However, other than the de-
mand that gauge invariance be maintained not only for
the action but also for the induced Lagrange density,
there is no reason to prefer this result over any other.
A further degree of arbitrariness in the induced term
appears according to the choice of regularization scheme
used in the calculation. This can be true even within a
nonperturbative formulation.
One possible choice is Pauli-Villars regularization,
which enforces gauge invariance for all axial momenta.
The various values of the induced Chern-Simons coeffi-
cient are mass-independent, so they are subtracted and
vanish in Pauli-Villars regularization [3]. This would be
true whether or not the theory is formulated perturba-
tively or nonperturbatively. Another possibility is di-
mensional regularization. This is problematic with the
γ5-matrix, and a variety of answers for kµ can be ob-
tained depending on how γ5 is generalized to arbitrary
dimensions. In this sense, the physics of the theory (1)
depends on the choice of regularization scheme.
Referring to the dispersive representation, presented
in Eq. (14), we see that the theory predicts a definite
absorptive part, which is sufficiently well behaved to
enter into an unsubtracted dispersion relation. Never-
theless, there remains the possibility of a real subtrac-
tion, which is perturbatively undetermined, even though
we presented a nonperturbative argument for the value
1/8pi2. This situation is familiar in quantum field the-
ory. Parameters in a Lagrangian typically acquire in-
finite radiative corrections that must be renormalized.
They flow with the renormalization scale and are deter-
mined only by comparison with experiment. Here, the
radiative corrections are finite, so infinite renormaliza-
tion is unnecessary, but nevertheless no definite value is
determined in perturbation theory. Another instance of
this phenomenon occurs in the chiral Schwinger model,
which generates an undetermined mass for its vector me-
son [13]. The θ-angle of QCD provides a further example
[14]. For all these, a finite parameter must be fixed by
3
reference to Nature. For the Chern-Simons case this has
already been done [1,5].
In this work, we have found that the apparently reason-
able physical question “Is a Chern-Simons term induced
in the theory (1)?” has no unique answer. We have
given a nonperturbative definition of the theory that in-
duces a definite and nonzero value of the Chern-Simons
coefficient. If instead a perturbative definition is used,
an infinite class of theories characterized by the value
of the Chern-Simons coefficient emerges at the quantum
level. The choice of regularization procedure can induce
further ambiguity in both nonperturbative and pertur-
bative schemes. Although one could perhaps argue that
our nonperturbative formulation is the most aesthetically
satisfying, there seems no compelling reason to prefer any
one definition over another.
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